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Mathematics Extension

General Instructions
* Reading Time — 5 Minutes
»  Working time — 90 Minuies

s Write using black or biue pen. Pencil may
be used for diagrams.

e Board approved calculators maybe used.

s  Each Question is to be returned in a separate
bundie,

s  All necessary working should be shown in
every question.

¢  Answers should be in simplest exact from
unless specified otherwise.

Total Marks — 60

Attempt questions 1 —4.

Each question is worth 15 marks.
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Question One (15 marks)

(@)

(b)

(©)

(d)

(€)

By considering the expansion of cos(a — ), find the exact value of

cos 15,

Find the coordinates of the point P which divides the interval from

A(—1,5) to B(6, —4) externally in the ratio 2 : 3.

The acute angle between the linesx + y =3 and3x —y =11is86.

What is the value of tan 8?

If a,p,y are the roots of 2x3 — 4x? — 3x — 1 = 0, find the value
of the following:

() a+p+y

(i) aB+ay+pBy

(i) aBy

. 1 1 1
(IV) ;+—+;

=

v) (@-DE-LF-1

(Vi) azﬁz + azyz +,32]/2

Using the t-results, or otherwise, prove that

6
cot; — cotf = cosec?.

[2]

[2]

[2]

[7]

[2]



Question Two (15 marks)  (Use a SEPARATE writing booklet)
@ (i) Show that (x + 2) is a factor of P(x) = x3 — 2x? — 20x — 24.  [3]

(ii)  Hence, fully factorise P(x) = x3 — 2x% — 20x — 24.

(b) Find the general solution of 2 cos 2x = 1. [2]
(c)  Findall values of x such that x + > > 13. [3]
(d) By substituting y = sinx + cos x into sin2x + 1 = 5sinx + 5 cos x, [3]

0] show that y2 — 5y = 0.
(i) Hence, or otherwise, find all solutions between 0 and 2w of

sin2x +1 = 5sinx + 5 cos x.

(e () By repeated substitution of x = 1, and differentiation, [4]
or otherwise, find constants a, b, ¢, d and e such that
xt—4x3+x?+6x+2=alx—D*+b(x—1D3+c(x—1)?+d(x—1)+e

(i)  Hence, or otherwise, solve x* —4x3 + x> +6x +2 =0



Question Three (15 marks) (Use a SEPARATE writing booklet)
@ The point A(a, c) lies on the line 4x + 3y — 30 = 0 and [6]
the point B(b, d) lies on the line x + 3y + 15 = 0.
If P(3,2) divides the interval AB in the ratio 2 : 1.
Q) Showthata =9 —2bandc = 6 — 2d.
(i) Explain why b + 3d + 15 = 0.

(iii)  Find the coordinates of A and B.

(b)  Consider the variable point P(2at, at?) on the parabola x? = 4ay. [9]

Q) Show that the equation of the normal at P is x + ty = at® + 2at

(i) The line from S, the focus of the parabola, meets the normal at P at
right angles at Q, as shown.

Show that Q has coordinates (at, a(t? + 1)).
(iii)  Show that the locus of Q is a parabola and state its focal length.
(iv)  The line from P, parallel to the x-axis, meets the y-axis at N.

By finding the perpendicular distance of the focus to the normal, or
otherwise, show that SQ? = ON x SP.



Question Four (15 marks) (Use a SEPARATE writing booklet)

(@)

(b)

Without the use of calculus, find the range of the following: [5]
(i) y =sin?x — 2sinx + 2
(i) y=cosx—2sinx+2
Given a parabola P : y? = 4x. [10]

Let the line L : y = mx + ¢ be atangent to P.

(i)
(i)

(iii)

(iv)

(v)

Show that ¢ = =.
m

Suppose that L passes through the point (h, k). Using the above result,
show that hm? —km + 1 = 0.

If the slopes of the two tangents from the point (h, k) to the parabola P

k2-4h
are my and my, show that (m; —m,)? = ——.

Q is a point on the circle x? + y2 = 20. The slopes of the two tangents

1 1)?
from Q to P are s, and s, such that (— — —) = 8.

Sy S1
Find the coordinates of Q.

R is a point such that the angle between the two tangents from Rto P is
45°. Find the equation of the locus of R.

End of Examination



2014 Mathematics Extension Task 1: Solutions

Question 1 (15 marks)

(a) By considering the expansion of cos(a — ), find the exact value of cos 15°.

Solution: cos(a — ) = cos acos § + sin asin 3.
cos 15° = cos(45° — 30°) [or cos(60° — 45°)],
= c0s45° cos 30° + sin 45° sin 30° [or cos 60° cos 45° + sin 60° sin 450] ,
1 V3 11 11 V31
— 0 — - Jor = = —],
V2 2 B2 272 2 V2
V3+1  V2(V3+1)
0

T .

24/2 4

(b) Find the coordinates of the point P which divides the interval from A(—1,5) to
B(6,—4) externally in the ratio 2 : 3.

3(—1) —2(6 3(5) —2(—4
Solution: zp = % yp = M
= —15 = 23.

So P is (—15,23).

(c) The acute angle between the lines x +y =3 and 3z —y =1 is 0.
What is the value of tan 67

Solution: y = —x+3,s0 m; = —1,
y= 3r—1, somy = 3,
| —1-3
cotant = ————,
S Iy G
= 2.

(d) If a, 3, v are the roots of 223 — 4x? — 3z —1 = 0, find the value of the following:
(i) a+pB+7y

—4
Solution: a+(f+vy= — (_) ’
= 2.

(i) af + ay+ By

3
Solution: aff + ay+ By = —5




(ifi) ady

-1
Solution: afy = —(7),
1
=3
(iv) ++ % + %
1 1 1
Solution: — + -+ — = aft+ay+ 67,
a [ afy
31
202
= —3.

V) (a=DBE-1)(y-1)

Solution:

(a-1)(@F-1)(7-1)

= afy = (af+ay+By)+(@+f+7) -1,
1+24+2-1,
= 3.

(Vl) &2ﬁ2+(12’)/2+ﬁ2’)/2

Solution:

(@f +ay+B7)* =
o232 + az,yQ _i_BQ,yQ _

a3+ ay® + 292 + 2(af?y + o By + afr?),
(af +ay + 57)* = 2a8y(a + 5+ 1),

1
—2.-2,
2

== O

(e) Using the t-results, or otherwise, prove that cot g — cot # = cosec 6.

Solution: Put tang = {. 5
11— N
2—1+¢

- L=t
142

2t

1

~ sin@’

= R.H.S.
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HSC Madhs Ex4 | Assescwment Tagl | Auegiion 3

a) (i) C%} 2) = (Zlof‘tq 2d+c

3z ' =z /

2b 4 2 (i 2d+cC o8 N

3 - 3 - >

2bta = _ s> d+ec=6 R
o= aA—2b| (D = g—2o [ (4

() b+3 A4S =0 because B(b,d)  lies .,

dhe  Lne xregj-+tgja ()

Gi) e=9-2L, —CO

ez -2l —

Yo+ 3c —30=0 “’"‘"‘@

,,,,,,,,,,,,

b +3 A+ (5=0 —(a)

wa(DQL@iV\@

/

4(a—21) «23(¢-2d) —30=0

36 -8 (8 —6d —30=0O

Sb4+¢6d =2¢ S~

Gb+3d= 12 — (9) ()

Sul @') A @,

“4(-3d—15) +3d =1L

—(2d — (o +3d = (2

—q4d= 72 _
[d=-¢t | @)
L=a | 3
la=—a | (3
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Question 4

(@ () y=sin®x-2sinx+2
=(sinx—1)2+1

Considering min and max values of (sinx—l)2 ,

Range: l<y=<5 3]

(i) Yy =C0SX-23NnX+2

=+/5(cos(x+a))+2
Considering max and min values of cosine,

Range: 2—\/_sys 2+45 2]



(b)

0) Curve: y* = 4x Line: y=mx+c

Tangent: (mx+ c:)2 =4x

m?x% +2mex+¢? - 4x=0
m?x> +(2mc-4) x+ c’=0

For the line to be a tangent, discriminant is zero.
(2mc-4)° -4m?c? =0
[(2me-4)-2me][(2me - 4) +2mc]=0
~4[(2mc-4)+2mc]=0
4mc-4=0
mc=1
sc== [2]

m

(ii) y=mx+cC

k=mh+=
m
mk=m’h+1
P —mk+1=0 2]

(iif)  Solutions using quadratic formula

k£ -4h

2h



_k+vk?-4h —k-+/K?-4h

Th “m)= _
us (ml mz) 2h 2h
_2Jk*=an
2h
K2 — 4h
(m-m,)’ = = 2]
1 1 2 2
o (245
s S S,

From hm? -mk+1=0, off =

[V e
el I

, k% -4m
(8-5)
(ss)* (1f

h2
=k? - 4h

- k*-4h=8

ButQis (h,k), and h*+k*=20, so

h® +(8+4h) =20, and hence

h?+4h-12=0
h=-6o0r2

On substitution in the equation of the circle, -6 is extraneous.
Thus h=2,k=%4.

Hence Qis (2,4) or (2,-4). [2]
(V) If 8is the angle between two lines, then

m,-m,
1+mm,

tano =

Here tand =tan45° =1



_ k? I;24h . (1+ omm, + (mlmz)z)

_K2-4h 1
T 1\ 1
"l
h) h?
_ K-4h
h?+2h+1

s h*+2h+1=K*-4h
ie (h+3)°-k*=8

On renaming the variables, the locus is

(x+ 3)2 —-y*=8 (an Hyperbola, conjugate axis x=-3) [2]
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