


Question One (15 marks) 

 (a) By considering the expansion of cos(𝛼𝛼 − 𝛽𝛽), find the exact value of            [2] 

cos 15°.  

  

(b) Find the coordinates of the point P which divides the interval from               [2] 

𝐴𝐴(−1,5) to 𝐵𝐵(6,−4) externally in the ratio 2 ∶ 3. 

 

(c) The acute angle between the lines 𝑥𝑥 + 𝑦𝑦 = 3 and 3𝑥𝑥 − 𝑦𝑦 = 1 is 𝜃𝜃.               [2] 

What is the value of tan𝜃𝜃? 

 

(d) If  𝛼𝛼,𝛽𝛽, 𝛾𝛾 are the roots of 2𝑥𝑥3 − 4𝑥𝑥2 − 3𝑥𝑥 − 1 = 0, find the value               [7] 

of the following: 

 (i) 𝛼𝛼 + 𝛽𝛽 + 𝛾𝛾 

  (ii) 𝛼𝛼𝛽𝛽 + 𝛼𝛼𝛾𝛾 + 𝛽𝛽𝛾𝛾 

  (iii) 𝛼𝛼𝛽𝛽𝛾𝛾 

  (iv) 1
𝛼𝛼

+ 1
𝛽𝛽

+ 1
𝛾𝛾
 

  (v) (𝛼𝛼 − 1)(𝛽𝛽 − 1)(𝛾𝛾 − 1) 

  (vi) 𝛼𝛼2𝛽𝛽2 + 𝛼𝛼2𝛾𝛾2 + 𝛽𝛽2𝛾𝛾2 

 

 (e) Using the t-results, or otherwise, prove that                                                    [2] 

 cot 𝜃𝜃
2
− cot𝜃𝜃 = cosec 𝜃𝜃. 

 

 

 

 

 



Question Two (15 marks) (Use a SEPARATE writing booklet) 

 (a) (i) Show that (𝑥𝑥 + 2) is a factor of 𝑃𝑃(𝑥𝑥) = 𝑥𝑥3 − 2𝑥𝑥2 − 20𝑥𝑥 − 24.       [3] 

  (ii) Hence, fully factorise 𝑃𝑃(𝑥𝑥) = 𝑥𝑥3 − 2𝑥𝑥2 − 20𝑥𝑥 − 24. 

 

 (b) Find the general solution of 2 cos 2𝑥𝑥 = 1.                                                      [2] 

 

 (c) Find all values of x such that 𝑥𝑥 + 36
𝑥𝑥
≥ 13.                                                     [3]               

 

(d) By substituting 𝑦𝑦 = sin 𝑥𝑥 + cos 𝑥𝑥 into sin 2𝑥𝑥 + 1 = 5 sin 𝑥𝑥 + 5 cos 𝑥𝑥,         [3] 

  (i) show that 𝑦𝑦2 − 5𝑦𝑦 = 0. 

  (ii) Hence, or otherwise, find all solutions between 0 and 2𝜋𝜋 of 

 sin 2𝑥𝑥 + 1 = 5 sin 𝑥𝑥 + 5 cos 𝑥𝑥. 

 

(e) (i) By repeated substitution of 𝑥𝑥 = 1, and differentiation,                       [4] 

or otherwise,  find constants 𝑎𝑎, 𝑏𝑏, 𝑐𝑐,𝑑𝑑 and 𝑒𝑒 such that 

 𝑥𝑥4 − 4𝑥𝑥3 + 𝑥𝑥2 + 6𝑥𝑥 + 2 ≡ 𝑎𝑎(𝑥𝑥 − 1)4 + 𝑏𝑏(𝑥𝑥 − 1)3 + 𝑐𝑐(𝑥𝑥 − 1)2 + 𝑑𝑑(𝑥𝑥 − 1) + 𝑒𝑒 

 (ii) Hence, or otherwise, solve 𝑥𝑥4 − 4𝑥𝑥3 + 𝑥𝑥2 + 6𝑥𝑥 + 2 = 0 

  

 

 

 

 

 

 

 

 

 



Question Three (15 marks)  (Use a SEPARATE writing booklet) 

(a) The point 𝐴𝐴(𝑎𝑎, 𝑐𝑐) lies on the line 4𝑥𝑥 + 3𝑦𝑦 − 30 = 0 and                               [6] 

the point 𝐵𝐵(𝑏𝑏,𝑑𝑑) lies on the line 𝑥𝑥 + 3𝑦𝑦 + 15 = 0.  

If P(3,2) divides the interval AB in the ratio 2 ∶ 1. 

 (i) Show that 𝑎𝑎 = 9 − 2𝑏𝑏 and 𝑐𝑐 = 6 − 2𝑑𝑑. 

 (ii) Explain why 𝑏𝑏 + 3𝑑𝑑 + 15 = 0. 

 (iii) Find the coordinates of A and B. 

 

(b) Consider the variable point 𝑃𝑃(2𝑎𝑎𝑎𝑎,𝑎𝑎𝑎𝑎2) on the parabola 𝑥𝑥2 = 4𝑎𝑎𝑦𝑦.            [9]            

       

                                           

  (i) Show that the equation of the normal at P is 𝑥𝑥 + 𝑎𝑎𝑦𝑦 = 𝑎𝑎𝑎𝑎3 + 2𝑎𝑎𝑎𝑎 

(ii) The line from S, the focus of the parabola, meets the normal at P at 
right angles at Q, as shown.  

Show that Q has coordinates (𝑎𝑎𝑎𝑎, 𝑎𝑎(𝑎𝑎2 + 1)). 

(iii) Show that the locus of Q is a parabola and state its focal length. 

(iv) The line from P, parallel to the x-axis, meets the y-axis at N.  

By finding the perpendicular distance of the focus to the normal, or 
otherwise, show that 𝑆𝑆𝑄𝑄2 = 𝑂𝑂𝑂𝑂 × 𝑆𝑆𝑃𝑃. 

 



Question Four (15 marks) (Use a SEPARATE writing booklet) 

 (a) Without the use of calculus, find the range of the following:                         [5] 

  (i) 𝑦𝑦 = sin2 𝑥𝑥 − 2 sin 𝑥𝑥 + 2 

  (ii) 𝑦𝑦 = cos 𝑥𝑥 − 2 sin 𝑥𝑥 + 2 

 

(b) Given a parabola 𝑃𝑃 ∶ 𝑦𝑦2 = 4𝑥𝑥.                                                                      [10] 

Let the line 𝐿𝐿 ∶ 𝑦𝑦 = 𝑚𝑚𝑥𝑥 + 𝑐𝑐 be a tangent to 𝑃𝑃. 

  (i) Show that 𝑐𝑐 = 1
𝑚𝑚

. 

  (ii) Suppose that 𝐿𝐿 passes through the point (ℎ,𝑘𝑘). Using the above result,  

   show that ℎ𝑚𝑚2 − 𝑘𝑘𝑚𝑚 + 1 = 0. 

(iii) If the slopes of the two tangents from the point (ℎ,𝑘𝑘) to the parabola 𝑃𝑃 

are 𝑚𝑚1 and 𝑚𝑚2, show that (𝑚𝑚1 −𝑚𝑚2)2 = 𝑘𝑘2−4ℎ
ℎ2

. 

(iv) 𝑄𝑄 is a point on the circle 𝑥𝑥2 + 𝑦𝑦2 = 20. The slopes of the two tangents 

from 𝑄𝑄 to 𝑃𝑃 are 𝑠𝑠1 and 𝑠𝑠2 such that � 1
𝑠𝑠2
− 1

𝑠𝑠1
�
2

= 8.  

Find the coordinates of 𝑄𝑄. 

(v) R is a point such that the angle between the two tangents from R to P is 
45°. Find the equation of the locus of R. 

 

 

 

 

 

 

 

 

 

End of Examination 



2014 Mathematics Extension Task 1: Solutions

Question 1 (15 marks)

(a) 2By considering the expansion of cos(α − β), find the exact value of cos 15◦.

Solution: cos(α − β) = cos α cos β + sin α sin β.

cos 15◦ = cos(45◦ − 30◦)
[

or cos(60◦ − 45◦)
]

,

= cos 45◦ cos 30◦ + sin 45◦ sin 30◦
[

or cos 60◦ cos 45◦ + sin 60◦ sin 45◦
]

,

=
1√
2
.

√
3

2
+

1√
2
.
1

2

[

or
1

2
.

1√
2

+

√
3

2
.

1√
2

]

,

=

√
3 + 1

2
√

2
or

√
2
(√

3 + 1
)

4
.

(b) 2Find the coordinates of the point P which divides the interval from A(−1, 5) to
B(6,−4) externally in the ratio 2 : 3.

Solution: xP =
3(−1) − 2(6)

3 − 2
yP =

3(5) − 2(−4)

3 − 2
,

= −15 = 23.

So P is (−15, 23).

(c) 2The acute angle between the lines x + y = 3 and 3x − y = 1 is θ.
What is the value of tan θ?

Solution: y = −x + 3, so m1 = −1,
y = 3x − 1, so m2 = 3,

∴ tan θ =
| − 1 − 3|
1 + (−1)3

,

= 2.

(d) 7If α, β, γ are the roots of 2x3 − 4x2 − 3x− 1 = 0, find the value of the following:

(i) α + β + γ

Solution: α + β + γ = −
(−4

2

)

,

= 2.

(ii) αβ + αγ + βγ

Solution: αβ + αγ + βγ = −3

2
.



(iii) αβγ

Solution: αβγ = −
(−1

2

)

,

=
1

2
.

(iv) 1

α
+ 1

β
+ 1

γ

Solution:
1

α
+

1

β
+

1

γ
=

αβ + αγ + βγ

αβγ
,

= −3

2
÷ 1

2
,

= −3.

(v) (α − 1)(β − 1)(γ − 1)

Solution:
(α − 1)(β − 1)(γ − 1) = αβγ − (αβ + αγ + βγ) + (α + β + γ) − 1,

= 1

2
+ 3

2
+ 2 − 1,

= 3.

(vi) α2β2 + α2γ2 + β2γ2

Solution:
(αβ + αγ + βγ)2 = α2β2 + α2γ2 + β2γ2 + 2

(

αβ2γ + α2βγ + αβγ2
)

,

α2β2 + α2γ2 + β2γ2 = (αβ + αγ + βγ)2 − 2αβγ(α + β + γ),

=
9

4
− 2.

1

2
.2,

=
1

4
.

(e) 2Using the t-results, or otherwise, prove that cot θ
2
− cot θ = cosec θ.

Solution: Put tan θ
2

= t.

L.H.S. =
1

t
− 1 − t2

2t
,

=
2 − 1 + t2

2t
,

=
1 + t2

2t
,

=
1

sin θ
,

= R.H.S.

θ

2t

1 − t
2

1
+

t
2
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Question 4 
 
(a) (i) y = sin2 x −2sin x + 2  

           = sin x −1( )2
+1  

Considering min and max values of sin x −1( )2 , 
 

Range:  1≤ y ≤ 5     [3] 

 
 

 
 (ii) y = cos x −2sin x + 2  
     = 5 cos x +α( )( )+ 2  
 
 Considering max and min values of cosine, 
 
 Range:  2− 5 ≤ y ≤ 2+ 5    [2] 
 

 
  



 
(b)  
 

 
 

(i) Curve: y2 = 4x   Line: y = mx + c  
 
 Tangent: mx + c( )2

= 4x  

   m2x2 + 2mcx + c2 − 4x = 0  
   m2x2 + 2mc− 4( ) x + c2 = 0  
 
 For the line to be a tangent, discriminant is zero. 
   2mc− 4( )2

− 4m2c2 = 0  

   2mc− 4( )−2mc"# $% 2mc− 4( )+ 2mc"# $%= 0  

   −4 2mc− 4( )+ 2mc"# $%= 0  
   4mc− 4 = 0  
   mc =1 
   ∴c =

1
m

    [2] 

 
 (ii) y = mx + c  

  k = mh+
1
m

 

  mk = m2h+1 
∴hm2 −mk +1= 0     [2] 

 
 (iii) Solutions using quadratic formula 

  m =
−k ± k2 − 4h

2h
 



 Thus m1 −m2( ) =
−k + k2 − 4h

2h
−
−k − k2 − 4h

2h
 

 

      = 2 k2 − 4h
2h

 

  m1 −m2( )2
=

k2 − 4h
h2     [2] 

 

 (iv) 1
s1

−
1
s2

"

#
$

%

&
'

2

=
s2 − s1

s1s2

"

#
$

%

&
'

2

= 8  

 

 From hm2 −mk +1= 0 ,  αβ =
c
a

=
1
h  

 
           

  
s1 − s2( )2

(s1s2 )2 =

k2 − 4m
h2

1
h2

"

#
$

%

&
'

2  

      = k2 − 4h  
 

∴k2 − 4h = 8  
 
But Q is h,k( ) , and h2 + k2 = 20 , so 
 
h2 + 8 + 4h( ) = 20 , and hence 
h2 + 4h −12 = 0  
∴h = −6 or 2  
 
On substitution in the equation of the circle, -6 is extraneous. 
Thus h = 2,k = ±4 . 
 
Hence Q is 2,4( )  or 2,−4( ) .  [2] 
 

 (v) If θ is the angle between two lines, then  
 

  tanθ =
m1 −m2

1+ m1m2

 

 
 Here tanθ = tan45o =1  
 

 Hence 1=
m1 −m2

1+ m1m2

"

#
$

%

&
'

2

 



    = k2 − 4h
h2 ÷ 1+ 2m1m2 + m1m2( )2( )  

    = k2 − 4h
h2 ×

1

1+ 2 1
h
#

$
%
&

'
(+

1
h2

 

    = k2 − 4h
h2 + 2h+1

 

 
  ∴h2 + 2h+1= k2 − 4h  
  ie h+ 3( )2

− k2 = 8  
 
  On renaming the variables, the locus is 
 
  x + 3( )2

− y2 = 8   (an Hyperbola, conjugate axis x=-3) [2] 
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